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Abstract—A theory for self–fields in a free–electron laser with 

three-dimensional (realistic) helical wiggler and axial magnetic 

field is presented. It is shown that the transverse–velocity–

induced self–magnetic field has a diamagnetic effect for group I 

orbits, while for group II orbits it has a paramagnetic effect.  

I. INTRODUCTION AND BACKGROUND  

The free-electron laser (FEL) is a device in which a 
relativistic electron beam radiates as a result of oscillations 
induced by its passage through a wiggler magnetic field [1]. 
High-density relativistic electron beams employed in FELs 
produce strong collective effects associated with the self–
electric and self–magnetic fields of the beams. Self-fields can 
induce chaos in a helical wiggler FEL [1]. Recently, some 
theoretical studies of self–fields in a helical wiggler with axial 
magnetic field or ion–channel guiding have been carried out 
[2-4]. All of the above cited studies are based on a helical 
wiggler in an idealized (one-dimensional) approximation. 

The purpose of the present paper is to study the self–
fields in a FEL with three-dimensional helical wiggler and 
axial magnetic field.  

II. SELF-FIELDS 

The self–electric field induced by the steady–state 
charge density of the non–neutral electron beam can be 
obtained by solving Poisson’s equation 
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where –e is the electron charge and bn is the electron 

number density. Solving Eq. (1) for an electron beam with 
uniform density profile, we obtain 
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The self–magnetic field generated by the steady–state 
current density of the beam may be determined by 
Ampere’s law 
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where c is the speed of light in vacuum and c/v=ββββ  is the 

normalized electron velocity. The lowest–order 
representation for the self–magnetic field is determined 
under the assumption that the electron beam propagates 

with constant velocity zv ev ˆ
||= . In this case, the solution 

of Eq. (3) may be expressed in the form 
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where cv /|||| =β  is the normalized electron axial velocity. 

The above equation represents the self–magnetic field 
generated by the axial velocity. The relativistic motion of 
an electron in a FEL with helical wiggler and axial 
magnetic filed in the presence of self–electric field and 
self–magnetic filed induced by electron axial velocity will 
be based on equation of motion 
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Here γ  is the Lorentz relativistic factor, 

[

















−−

′=

z

rw

ee

eB

ˆsinˆ
sin

)(

ˆcos)(2

1 χ
χ

χ

θ
rk

rkI

rkIB

w

w

ww

                    (6) 

is the three-dimensional helical wiggler magnetic field in 

cylindrical coordinates, where Bw is the amplitude of the 

wiggler field, zkw−≡ θχ , )/2( ww kπλ ≡  is the wiggler wave 

length and I1 , I'1 are the modified Bessel function of the first 
kind (of order 1) and its derivative, respectively. 

The steady–state solution of Eq. (5) for the normalized 
electron velocity can be obtained as  
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is the magnitude of the normalized electron transverse 
velocity induced by the wiggler magnetic field in the 
presence of the self–electric field and axial velocity–

induced self–magnetic filed. In Eq. (8) 2/ ckmeB www γ≡Ω  

is the normalized wiggler magnetic field, 
2

00 / ckmeB wγ≡Ω  is the normalized axial magnetic filed, 

||
)0(

0 / ββλ wm≡  and 2/1222 )/2( ckmne wbb γπω ≡  is the 

normalized electron beam frequency. 
The transverse electron velocity induced by the wiggler 

magnetic field generates another self–magnetic filed 
known as wiggler–induced self–magnetic field. 
Substituting Eq. (7) into Ampere’s law [Eq. (3)] and using 
self-consistent method and after some algebra the 
wiggler–induced or transverse-velocity induced self-
magnetic field can be obtained as 
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where ||/ ββλ wm≡  and wβ  is the magnitude of transverse 

electron velocity in the presence of total self-fields 

( ⊥++ ss BBE ||s ). The effects of total self-field on electron 

velocity can be obtained by solving Lorentz equation 
using Eqs. (2), (4) and (9). This yields 
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where  
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Equation (11) shows resonant enhancement in the 
magnitude of the transverse velocity when  
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which separates the electron orbits into two groups, 
namely group I and group II, that are defined by 
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respectively. 

III. RESULTS AND DISCUSSION 

Figure 1 shows the graph of the normalized transverse–

velocity–induced self–magnetic field )B/B(B wss ⊥⊥ ≡  as a 

function of the normalized axial magnetic field 0Ω  for 

parameters shown in the figure. As shown in Fig. 1 the 
normalized transverse–velocity–induced self–magnetic field is 
negative for group I orbits and is positive for group II orbits. 
Therefore, the transverse–velocity–induced self–magnetic field 
decreases the effective wiggler magnetic field and has a 
diamagnetic effect for group I orbits, while for group II orbits 
it increases the effective wiggler magnetic field and has a 
paramagnetic effect. Figure 2 shows the normalized axial 
velocity ||β in the presence and absence of self-fields. The 

normalized axial velocity ||β for may be obtained from the 

conservation of energy ( 2
||

22 1 ββγ −−=−
w ) using Eq. (11). As 

Fig. 2 shows, self-fields can significantly affect the electron 
orbits.  
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Fig. 1 Graph of the normalized transverse-velocity-induced self-magnetic 

field ⊥sB  as a function of the normalized axial magnetic field 

0Ω for parameters shown in the figure. 
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Fig. 2 Graphs of the normalized electron axial velocity ||β  in the presence and 

absence of self-fields as a function of the normalized axial magnetic field 

0Ω . The dashed lines indicate unstable orbits. 
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